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We investigate the pairing physics in a three-component Fermi-Fermi mixture, where a few
fermionic impurities are immersed in a non-interacting two-component Fermi gas with synthetic
spin-orbit coupling (SOC), and interact attractively with one spin species in the Fermi gas. Due
to the interplay of SOC and spin-selective interaction, the molecular state intrinsically acquires a
non-zero center-of-mass momentum, which results in a new type of Fulde-Ferrell (FF) pairing in
spin-orbit coupled Fermi systems. The existence of the Fermi sea can also lead to the competition
between FF-like molecular states with different center-of-mass momenta, which corresponds to a
first-order transition between FF phases in the thermodynamic limit. As the interaction strength is
tuned, a polaron-molecule transition occurs in the highly imbalanced system, where the boundary
varies non-monotonically with SOC parameters and gives rise to the reentrance of polaron states.
The rich physics in this system can be probed using existing experimental techniques.
PACS numbers: 67.85.Lm, 03.75.Ss, 05.30.Fk
Introduction.– The realization of synthetic spin-orbit
coupling (SOC) in ultracold atomic gases has triggered
a great amount of experimental interests [1–7]. In ul-
tracold Fermi gases, various forms of SOC in different
dimensions can give rise to a wealth of exotic superfluid
phases [8–25]. In particular, recent studies have shown
that by deforming the Fermi surface in the presence of
SOC, pairing states with non-zero center-of-mass (CoM)
momentum, the so-called Fulde-Ferrell (FF) states, can
be stabilized over a large parameter region [26–35]. In all
these cases, SOC proves to be a powerful tool of quantum
control, which, when combined with the outstanding tun-
ability of ultracold atomic gases, can often lead to novel
pairing superfluidity.
In this work, we consider another promising system for
exotic pairing states, where a few fermionic impurities
are immersed in a non-interacting spin-12 Fermi gas with
the synthetic SOC that has been realized in cold atoms
experiments [1–6]. In this three-component mixture, the
impurity fermions are tuned close to a wide Feshbach
resonance with one particular spin species in the two-
component Fermi gas (see Fig. 1). We demonstrate that
such a system exhibits interesting pairing physics that
can be readily probed using the existing experimental
techniques.
A fundamental feature of the system is that the two-
body bound state naturally acquires a non-zero CoM mo-
mentum, corresponding to an FF pairing phase in the
thermodynamic limit. This can be attributed to the
interplay between SOC and spin-selective interaction, a
mechanism different from that of the previously studied
FF phases in spin-orbit coupled systems [27–35]. More-
over, the existence of the spin-orbit coupled Fermi sea can
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FIG. 1: (Color online) Schematics of the three-component
Fermi-Fermi mixture. The impurity atoms interact spin-
selectively with a spin-orbit coupled two-component Fermi
gas. The spin superpositions in both helicity branches are
momentum-dependent, as characterized by θk (see text). The
pairing states naturally acquire a non-zero CoM momentum
in the system.
lead to the competition between two FF-like molecules
with different CoM momenta. Consequently, we find
a first-order transition between two FF pairing phases
on the mean-field phase diagram in the thermodynamic
limit. For a highly imbalanced system with a single impu-
rity, the ground state can undergo polaron-molecule tran-
sitions, corresponding to phase transitions from the nor-
mal to the superfluid phase in many-body systems [36–
42]. Interestingly, it is found that the critical interaction
strength for such transitions varies non-monotonically
with SOC parameters, giving rise to the reentrance of
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2polaron states for certain interaction strengths. These
properties can be directly probed in Fermi-Fermi mix-
tures of 40K-40K-40K or 6Li-40K-40K using existing ex-
perimental techniques [40, 41].
Model.– The Hamiltonian of our system is written as:
H =
∑
k,σ
aka
†
k,σak,σ +
∑
k
h
(
a†k,↑ak,↓ + a
†
k,↓ak,↑
)
+
∑
k
bkb
†
kbk +
U
V
∑
k,k′,q
a†q
2+k,↑b
†
q
2−kb
q
2−k′a q2+k′,↑
+
∑
k
(
αkxa
†
k,↑ak,↑ − αkxa†k,↓ak,↓
)
, (1)
where ak,σ (σ =↑, ↓) is the annihilation operator for
the spin components in the Fermi gas, and bk is the
annihilation operator for the impurity atoms. The ki-
netic energy of the atoms are given as ak = ~2k2/(2ma),
bk = ~2k2/(2mb). The SOC parameters h and α are re-
spectively proportional to the Raman coupling strength
and the momentum transfer in the Raman process gen-
erating the SOC [1]. For simplicity, we have assumed
a vanishing two-photon detuning. The bare interaction
rate U between the impurity and the spin-up atom can be
renormalized as 1/U = 1/Up − (1/V )
∑
k
1
(1+η)ak
, where
V is the quantization volume, η = ma/mb is the mass
ratio, Up = 2pi~2as(1 + η)/ma and as is the s-wave scat-
tering length.
For a natural description of the system, we transform
the annihilation operators into the helicity basis: ak,± =
cos θkak,↑ + sin θkak,↓, with cos θk = ±β±k , sin θk = β∓k ,
and β±k =
[√
h2 + α2k2x ± αkx
]1/2
/
√
2[h2 + α2k2x]
1/4.
The single-particle dispersion of the helicity branches
ξak,± = 
a
k±
√
h2 + α2k2x (see Fig. 1). The momentum de-
pendence of θk also gives rise to a momentum-dependent
effective interaction between impurity atoms and atoms
in the helicity branches [43].
Two-body states.– We first consider two-body bound
states, which already provides key information of pairing
states in the system. We adopt the ansatz wave function:
|ψQ〉 =
∑
λ=±
∑
k
ϕk,λb
†
Q−ka
†
k,λ |0〉 , (2)
where ϕk,± are variational coefficients, Q is the CoM
momentum of the dimer, and |0〉 is the vacuum sate.
The self-consistent equation for the dimer energy E2
can be obtained by minimizing the energy functional
〈ψQ|H − E2|ψQ〉:
1
U
=
∑
λ=±
∑
k
(βλk)
2
E2 − bQ−k − ξak,λ
. (3)
The ground state lies with the Q-sector that gives the
lowest energy solution of Eq. (3). We find numeri-
cally that this always occurs for Q along the x-direction.
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FIG. 2: (Color online) (a) Two-body bound state energies as
functions of interaction strength for η = 1, with h/E0 = 0.2
(solid), h/E0 = 0.4 (dashed), h/E0 = 1 (dash-dotted), and
h/E0 = 2 (dotted). (b) Center-of-mass momentum of bound
states in (a). (c) Two-body bound state threshold for varying
h and a fixed αk0/E0 = 1, with the mass ratio η = 1 (solid),
η = 6/40 (dashed), and η = 40/6 (dash-dotted). (d) Typi-
cal probability distribution of the two-body wave function in
the lower helicity branch, |ϕk,−|2, in the kz = 0 plane, with
αk0/E0 = 1, h/E0 = 0.2, (k0as)
−1 = 0.5, and η = 1. The
threshold energy Eth and the unit of energy E0 are defined in
the text.
For the two-body calculations, we take the unit of en-
ergy E0 = 2maα
2/~2, and the unit of momentum k0 =
2maα/~2.
In Fig. 2(a)(b), we show the two-body ground state
energy E2 and the CoM momentum Qx as functions of
the interaction strength with η = 1. The bound state
emerges when E2 is below the threshold energy Eth for
two free particles [44]. The critical interaction strength
for its emergence, (k0as)
−1
c , is plotted as functions of
h in Fig. 2(c). Apparently, the presence of synthetic
SOC pushes the critical 1/as toward the BEC limit, thus
suppressing the formation of two-body bound state. We
have also checked that three-body bound states are al-
ways metastable in this case, in contrast to the case of a
Rashba SOC [45].
A general feature of the bound state in our system
is that it acquires a finite CoM momentum (Fig. 2(b)).
Accordingly, the momentum distribution of the bound
state exhibits a peak at finite momentum as shown in
Fig. 2(d). Different from the finite-momentum pairing in
previous studies under SOC and single-particle dispersion
asymmetry [27–35], here there is no asymmetry in the
single-particle dispersion. Instead, the finite-momentum
pairing in our system is a combined effect of the spin-
selective interaction and the momentum-dependent spin
mixture under SOC, as schematically shown in Fig. 1. In
the BEC limit, the CoM momentum approaches −k0/2
(see Fig. 2(b)), which is effectively the momentum shift
of the spin-up atom, as the system is then dominated by
the binding of the impurity atom and the spin-up atom.
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FIG. 3: (Color online) (a) Molecular energies relative to
the Fermi surface Eh as functions of the center-of-mass mo-
mentum Qx for (kF as)
−1 = 0.5, with h/EF = 1.2 (solid),
h/EF = 1 (dashed), and h/EF = 0.8 (dash-dotted). (b) Nor-
malized molecular energies as functions of Qx for h/EF = 1,
with (kF as)
−1 = 0.57 (solid), (kF as)−1 = 0.6 (dashed), and
(kF as)
−1 = 0.7 (dash-dotted). The normalization in (b) is
with respect to the molecular energies EM0 at Qx/kF = −1.5.
For both figures, αkF /EF = 0.5, and the mass ratio η = 40/6
corresponds to the case of a Li-K-K mixture.
An important implication of these two-body results is
that a new type of FF-like pairing state should exist on
the many-body level.
Effects of Fermi-sea.– En route to characterizing the
many-body pairing in our system, we now consider a sin-
gle impurity atom interacting with a Fermi-sea of helicity
atoms, and study the effects of Fermi-sea on the pairing
physics. In this highly imbalanced system, a polaron-
molecule transition is expected to occur, which could be
observed experimentally using radio-frequency (rf) spec-
troscopy [40, 41, 46]. In the thermodynamic limit, the
transition should correspond to a superfluid to normal
state phase transition.
(1) Molecular state.– The ansatz wave function of the
molecular state can be written as:
|MQ〉 =
∑
λ=±
∑
ξak,λ>Eh
φk,λb
†
Q−ka
†
k,λ |FS〉N−1 , (4)
where φk,± is the variational coefficient, |FS〉N−1 de-
notes a spin-orbit coupled Fermi sea withN−1 atoms and
a Fermi energy of Eh [43]. The summation runs over the
energy space beyond the Fermi surface. Minimizing the
energy functional, we can get the self-consistent equation
for the molecule energy EM , which is the same as Eq. (3)
except for the restrained summation as in Eq. (4). We
find numerically that the ground state always has a CoM
Q along the x-direction. For the numerical calculations,
we adopt the unit of energy as the Fermi energy EF of a
two-component, non-interacting Fermi gas in the absence
of SOC and with the same total number density. For sim-
plicity, we only consider cases with (αkF /EF )
2 ≤ 2h/EF ,
for which there is no single-particle ground state degen-
eracy in the lower helicity branch. Here the Fermi wave
vector kF is defined through EF = ~2k2F /(2ma).
The presence of the Fermi sea has significant impacts
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FIG. 4: (Color online) (a) Comparison of molecular and
polaron energies for a fixed αkF /EF = 0.5, and different
(kF as)
−1, where (kF as)−1 = 0.8 (solid), (kF as)−1 = 0.9
(dashed), and (kF as)
−1 = 1 (dash-dotted). The thin red
curves represent polaron energy Ep/EF , while the thick blue
curves represent the molecular energy relative to the Fermi
surface (EM − Eh)/EF . The vertical dotted line marks the
boundary between parameter regions with one Fermi sur-
face (1FS) and with two Fermi surfaces (2FS). (b) Boundary
of polaron-molecule transition, with αkF /EF = 0.2 (solid),
αkF /EF = 0.5 (dashed), αkF /EF = 1 (dash-dotted). In all
cases, the mass ratio η = 1.
on the molecular state. Due to the Pauli blocking of
atom-scattering inside the Fermi sea, we find that the
molecular state becomes more difficult to form com-
pared to the pure two-body case, and typically requires a
stronger critical interaction strength. More importantly,
the presence of Fermi surfaces offer possibilities of pairing
at different CoM momenta, with dominating contribu-
tions from either the lower or the upper helicity branch,
which can respectively give rise to negative or positive
pairing momentum along kx (see Fig. 1).
Indeed, we find that for appropriate parameters, espe-
cially for a light impurity atom with a large η, there ex-
ists a competition between two FF-like molecular states
with different CoM momenta. As shown in Fig. 3,
first-order transitions between different FF-like molecu-
lar states can occur with varying h or (kFas)
−1, while
the number of atoms in the Fermi sea is fixed by n =
(1/V )
∑
λ,ξak,λ<Eh
[43]. This strongly suggests a first-
order transition between different FF pairing phases in
the thermodynamic limit.
(2) Polaron-molecule transition.– The stability of
molecular state is challenged by the polaron state, which
is characterized by particle-hole excitations above the
Fermi-sea. Up to the lowest order excitation, the polaron
wave function is written as:
|P 〉 =
(
ϕ0b
†
0 +
∑
λ1
λ2
∑
ξak,λ1
>Eh
ξaq,λ2
<Eh
ϕλ1λ2k,q b
†
q−ka
†
k,λ1
aq,λ2
)
|FS〉N ,
(5)
where λi = ± (i = 1, 2) denotes the two helicity
branches, ϕλ1λ2k,q and ϕ0 are the variational coefficients.
Minimizing the energy functional, we have the equation
4for the polaron energy Ep:
Ep =
∑
λ2
ξaq,λ2
<Eh
(βλ2q )
2
U−1 −
∑
λ1
ξak,λ1
>Eh
(βλ1k )
2
Ep − bq−k − ξak,λ1 + ξaq,λ2
.
(6)
Here we have considered a polaron state with zero CoM
momentum [47].
In Fig. 4(a), we compare the polaron energy Ep with
EM − Eh, the molecular energy relative to a spin-orbit
coupled Fermi sea of N atoms, for various interaction
strengths as h varies. Interestingly, the trajectories of
these two energies behave differently when the number
of Fermi surfaces changes from two to one as h increases.
Consequently, for appropriate parameters, two separate
transition points can be crossed by tuning h (see dash-
dotted curves in Fig. 4(a)). In Fig. 4(b), we plot the
polaron-molecule transition boundaries as functions of
h. One can see clearly the non-monotonic behavior of
the critical 1/as, with a minimum kink appearing when
the Fermi surface just touches the upper helicity branch.
Thus for certain fixed interaction strengths, the system
can go through two transition boundaries by changing
the SOC parameter h, leading to an exotic reentrance
of the polaron state. This reentrance phenomenon has
never been found in previous studies of polaron-molecule
transition in Fermi gases.
Many-body phase diagram.– The rich physics discussed
above should also be manifest in the pairing phases and
phase transitions on the many-body level. To demon-
strate this, we study the pairing superfluidity of the
system using the standard BCS-type mean-field theory,
where the thermodynamic potential at zero temperature
Ω = 〈H − µaNa − µbNb〉 becomes [43]:
Ω =
∑
kγ
θ(−Ekγ)Ekγ +
∑
k
(aQ
2 +k,+
+ aQ
2 +k,−
)− V ∆
2
Q
U
.
(7)
Here, ak,± = 
a
k ± αkx − µa, Ekγ(γ = 1, 2, 3) is
the quasi-particle energies, the order parameter ∆Q =
U/V
∑
k〈bQ
2 −kaQ2 +k,↑〉, µa (µb) is the chemical potential
of the corresponding atoms, Na (Nb) is the corresponding
particle number, and θ(x) is the Heaviside step function.
Given the chemical potentials, the ground state can be
obtained by minimizing Ω with respect to Q and ∆Q.
Numerically, we find that the ground state Q for the FF
pairing always lies along the x-direction.
In Fig. 5(a), we show how the ground state Qx and
∆Q evolve with the interaction parameter 1/(k0as), with
other parameters (h, µa,b) fixed. One sees clearly that
by increasing 1/(k0as), the system first goes through a
first-order phase transition from the normal phase (N)
to an FF pairing phase (FF1), and then another first-
order transition to a new FF phase (FF2) with different
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FIG. 5: (Color online) (a) Ground state CoM momentum
Qx (solid, left y-axis) and pairing gap ∆Q (dashed,right y-
axis) as functions of 1/(k0as). Here we choose (h, µa, µb) =
(0.5, 0.75, 1)E0. (b) Phase diagram in the (µb/E0, (k0as)
−1)
plane. The red (blue) curve shows the N-FF1 (FF1-FF2)
transition boundary, where both boundaries are of first order.
h and µa are the same as in (a)(b). In all cases, the mass ratio
η = 40/6.
Q and ∆Q. The emergence of multiple FF phases and
the first-order boundaries between them are qualitatively
consistent with our previous analysis on molecular states,
though the actual values of Qx and a
−1 at the phase
boundary are now affected by the existence of the impu-
rity Fermi sea. In Fig. 5(b), we show the phase diagram
when the chemical potential µb is further tuned. Again,
over a wide region of µb/E0 ∈ (0.2, 3), the system can
be tuned across all three phases (N-FF1-FF2) by adjust-
ing the interaction strength. Hence, these exotic phases
and phase transitions can be probed experimentally by
sweeping the magnetic field across a Feshbach resonance
of the spin-up and the impurity atoms.
Summary.– In summary, we have systematically stud-
ied the pairing physics in a three-component Fermi-Fermi
mixture, where two constituent fermions are subject to
synthetic spin-orbit coupling. We show that the ground
state pairing of this system intrinsically features a fi-
nite CoM momentum, which originates from a distinc-
tively new FF pairing mechanism in spin-orbit coupled
Fermi systems. The intriguing properties of the two-
body bound state, the polaron-molecule transition and
the FF paring superfluidity in this system can be ex-
plored in current cold atom experiments on 40K-40K-40K
or 6Li-40K-40K mixtures. For example, in a 40K-40K-
40K mixture, a Raman process with a coupling strength
of h ∼ 2Er and a Fermi energy of EF ∼ 4Er should lead
to αkF /EF ∼ 1 and h/EF ∼ 0.5. Here the recoil energy
Er (Er = E0/4) is typically on the order of 8.3kHz for
40K [4]. Under these parameters, the polaron-molecule
transition occurs at (kFas)
−1 ∼ 1.2. By further varying
the parameters (h, as), or by choosing different atomic
species and adjusting their numbers, many of the inter-
esting phenomena discussed in this work should emerge
given low enough temperatures.
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6Supplementary material
Model Hamiltonian in the helicity basis
Under SOC, it is more transparent to re-write the Hamiltonian in the helicity basis:
H =
∑
k,λ=±
ξak,±a
†
k,λak,λ +
∑
k
bkb
†
kbk
+ U
∑
k,k′,q
(
β+q
2+k
a†q
2+k,+
− β−q
2+k
a†q
2+k,−
)
× b†q
2−kb
q
2−k′
(
β+q
2+k
′a q
2+k
′,+ − β−q
2+k
′a q
2+k
′,−
)
, (8)
where the annihilation operators of the helicity branches a†k,± = ±β±k ak,↑ + β∓k ak,↓, with corresponding dispersion
ξak,±. The interaction between the impurity atom and atoms in the helicity branches is thus momentum dependent.
Tuning the actual Fermi energy
We consider a system with a fixed total particle density, as is the case in experiments. When the total particle
density is fixed, changes in the SOC parameters h or α would affect the single particle dispersion, which would change
the Fermi energy Eh as well. Since it is more convenient to vary the intensity of the Raman fields experimentally, we
focus on the cases where α is fixed, while h varies. For simplicity, we only consider cases with (αkF /EF )
2 ≤ 2h/EF ,
for which there is no single-particle ground state degeneracy in the lower helicity branch. There are then two Fermi
surfaces, one in each helicity branch, for E0 > h; and only one Fermi surface in the lower branch for −h < Eh < h. For
given parameters, the Fermi energy Eh can be determined from the total number density n as n = (1/V )
∑
λ,ξak,λ<Eh
.
The contour of the Fermi surface in momentum space can be calculated from the expression Eh = ξk,±, which in turn
determines the range of integrations in the closed equations in the main text. A typical evolution of the Fermi surface
with varying parameters is given in Fig. 6.
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FIG. 6: Typical evolution of the Fermi surface with varying h and a fixed αkF /EF = 0.5. The dashed line marks the critical
Zeeman field h/EF ∼ 0.75, at which fermions start to populate the upper helicity branch.
Mean-field BCS theory
Under the BCS mean-field treatment in the text, the effective Hamiltonian can be written in a quadratic form:
H − µaNa − µbNb =
∑
k
ψ†kHkψk +
∑
k
(aQ
2 +k,+
+ aQ
2 +k,−
)− V ∆
2
Q
U
, (9)
7where H is a 3×3 matrix:
Hk =
 
b
Q
2 −k
− µb 4Q 0
4Q −aQ
2 +k,+
−h
0 −h −aQ
2 +k,−
 , (10)
where we have assumed the order parameter ∆Q to be real.
Applying the unitary transfer on the spin basis:(
b†Q
2 −k
, aQ
2 +k,↑, aQ2 +k,↓
)
=
(
α†k βk γk
)
S†, (11)
Ω = 〈H − µaNa − µbNb〉 can be diagonalized:
Ω =
∑
k
(
α†k βk γk
)
S†HkS
 αkβ†k
γ†k
+∑
k
(aQ
2 +k;+
+ aQ
2 +k;−
)− V ∆
2
Q
U
, (12)
where S is the transformation matrix containing three eigen-vectors ofHk, and αk, βk, γk are the annihilation operators
for quasi-particles with energies Ekγ (γ = 1, 2, 3). Then for the zero-temperature ground state we can get the
expression of the thermodynamic potential Ω = 〈H − µaNa − µbNb〉 as Eq.(7) in the text, where the expectation
value 〈·〉 is taken with respect to the vacuum state of the quasi-particles.
